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Abstract
Noether’s theorem associated with the particle relabeling symmetry group leads us to a uniﬁed view that all the topological invari-
ants of a barotropic ﬂuid are variants of the cross helicity. The same is shown to be true for a baroclinic ﬂuid. A cross-helicity
representation is given to the Casimir invariant, a class of integrals including an arbitrary function of the speciﬁc entropy and the
potential vorticity. We then develop a new energy-Casimir convexity method for three-dimensional stability of equilibria of gen-
eral rotating ﬂows of an ideal baroclinic ﬂuid, without appealing to the Boussinesq approximation. By fully exploiting the Casimir
invariant, we have succeeded in ruling out a term including the gradient of a dependent variable from the energy-Casimir function
and have established a sharp linear stability criterion, being an extension of the Richardson-number criterion.
c© 2012 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of K. Bajer, Y. Kimura, & H.K. Moffatt.
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1. Introduction
Recent numerical simulations of atmospheric and oceanographic ﬂows, over a global spatial scale and over a long
time period, by high-performance supercomputers, have uncovered an abundance of coherent vortical structures of
large scales which vary with height. For an understanding of the formation and duration of such vortices, a knowledge
of the stability of vortical ﬂows embedded in a rotating stratiﬁed ﬂuid is wanted.
Let us introduce Cartesian coordinates (x, y, z). Suppose that the ﬂuid is acted by the gravity force in the negative
z-direction, with acceleration g, and that, in the absence of a ﬂow, the density ρ of the ﬂuid varies with height z. The
well known stability condition for motionless state is written in the form of a reality condition of the Brunt Va¨isa¨la¨
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frequency N as
N2 = −g
ρ
dρ
dz
− g
2
c2s
> 0, (1)
where cs is the speed of sound. A horizontal shear ﬂow can feed vertical displacement of ﬂuid particles and a stronger
negative vertical pressure gradient is required to suppress it. Given a steady horizontal ﬂow U = (U(z), 0, 0), with
vertical shear, of an inviscid incompressible ﬂuid, the well established necessary and sufﬁcient condition for linear
stability with respect to two-dimensional disturbances is expressed in terms of the Richardson number J as [17]
J = −g
ρ
dρ/dz
(dU/dz)
2 >
1
4
. (2)
Extension of the Richardson-number criterion to three dimensions has been pursued over many years. Recently
a sufﬁcient condition for linear stability against three-dimensional disturbances was given for a non-parallel steady
horizontal shear ﬂow U = (U(z), V (z), 0) [15]. The energy Casimir convexity (ECC) method is a powerful tool to
derive the stability criterion for a class of steady ﬂows, with extensibility to a nonlinear regime [4]. When the energy of
a disturbed state relative to that of the basic steady state is available only to second-order in wave amplitude, only the
sufﬁcient condition for the linear stability is concluded. This case is called the formal stability . For three-dimensional
non-isentropic Euler ﬂows, Ertel’s potential vorticity
q =
1
ρ
(∇× u) · ∇s (3)
is a pseudo-scalar ﬁeld, in addition to the speciﬁc entropy s, that is convected without change of its magnitude
Dq
Dt
= 0, (4)
where D/Dt = ∂/∂t + u · ∇ is the Lagrangian derivative. The Casimir invariant C is a weighted integral of an
arbitrary functions F (s, q) of these scalar ﬁelds as
C =
∫
ρF (s, q)dV. (5)
A steady ﬂow is characterized as a conditional extremal of the energy with respect to perturbations restricted to
a given isovortical sheet which is speciﬁed by the value of the Casimir invariant [3, 6, 19]. et al. Abarbanel et
al. [1, 2] attempted to derive a three-dimensional stability criterion for steady stratiﬁed states under the Boussinesq
approximation, and somehow produced a sufﬁcient condition for nonlinear stability. However, in their treatment, the
velocity and the potential vorticity are treated as being independent, though this is not the case, and the example of
three-dimensional steady ﬂows to which their criterion was applied is a rather restricted one. We think that there
remain several elaborations yet to be done for improvement.
Recently, we have achieved a reﬁnement of the formal stability criterion for three-dimensional non-isentropic
ﬂows, in an rotating frame, of an ideal gas [18]. The Casimir invariant (5) is exploited in several ways to restrict
perturbations to a speciﬁc isovortical sheet, which enables the perturbation of the potential vorticity to be expressible,
to second order in amplitude, in terms only of variables independent from each other. Thereby, a sharp criterion is
established for the formal stability of a general three-dimensional rotating and stratiﬁed ﬂow of an ideal gas, without
use of the Boussinesq approximation. An outline of the method and the result is given in §5.
In this paper, we pursue the topological meaning of the Casimir invariant (5). For an ideal barotropic ﬂuid, two
kinds of Casimir invariants are known, depending on the spatial dimension, the helicity for three dimensions and the
integral of an arbitrary function of the vorticity for two dimensions. A Casimir invariant is a topological invariant in
the sense that it is invariant with respect to an arbitrary ﬂow or to an arbitrary diffeomorphism of the domain, being
not necessarily ruled by the Euler equations, with the stipulation that the vorticity be frozen into the ﬂuid. Such an
invariant is characterized, in the framework of Noether’s theorem, as a conserved quantity with respect to the particle
relabeling symmetry group. In a previous paper [7], we reconsidered the topological invariant from this viewpoint and
found that a topological invariant necessarily takes the form of the cross helicity, regardless of the spatial dimension.
In fact, the Casimir invariant of a two-dimensional ﬂow is transformed into the cross-helicity [7, 8]. We shall show
that the similar is true even if allowance is made for the baroclinic effect.
215 Yasuhide Fukumoto and Hirofumi Sakuma /  Procedia IUTAM  7 ( 2013 )  213 – 222 
2. Cross-helicity representation for topological invariant of ideal non-isentropic Euler ﬂow
The adiabatic motion, with the velocity ﬁeld u(x, t), of an inviscid ideal gas with the variable density ρ(x, t)
and the entropy s(x, t) per unit mass, subjected to a conservative external body force ∇Φ, is governed by the Euler
equations in a general form
Dρ
Dt
+ ρ∇ · u = 0, (6)
∂u
∂t
+ (u · ∇)u = −∇w + T∇s−∇Φ, (7)
Ds
Dt
= 0, (8)
where w = e + p/ρ, with e being the internal energy per unit mass and p the pressure, is the enthalpy per unit
mass and T is the temperature. The right-hand side of the Euler equations (7) is obtained by applying the ﬁrst law
of thermodynamics dw = Tds + dp/ρ to the pressure gradient term −∇p/ρ. By taking the curl of (7), we obtain
equations for evolution of the vorticity ω = ∇× u as
∂ω
∂t
= ∇× (u× ω) +∇T ×∇s. (9)
The last term signiﬁes the baroclinic effect of creating the vorticity. The convective property (4) of the potential
vorticity q is an immediate consequence of (8) and (9), from which the conservation of (5) follows.
The topological signiﬁcance of (5) manifests itself if we forget the deﬁnition ω = ∇ × u and take ω to be
independent from u in (9). The convective property (4) remains unchanged, and so is the conservation law of (5).
We then seek generalization of the Euler equations (7). Suppose that the domain D is simply connected. Impose the
following boundary condition on ω:
ω · n = 0 on ∂D, (10)
where n is the unit outward normal vector to the boundary. Then for a given solenoidal vector ﬁeld ω(x, t), there
exists a vector potential v(x, t) globally deﬁned over D:
ω = ∇× v. (11)
The vector potential is determined only up to the gauge transformation v′(x, t) = v(x, t) +∇Λ(x, t), with Λ(x, t)
being an arbitrary function. The evolution equation of v is obtained by taking the uncurl of (9), and is written in
componentwise as
∂vi
∂t
+ (u · ∇) vi + vj ∂uj
∂xi
=
∂π
∂xi
+ T
∂s
∂xi
, (12)
where π = π(x, t) is an arbitrary scalar ﬁeld, being inherited from the gauge transformations. Summation over
j = 1, 2, 3 should be implied for repeated index j. Equations (12) are the Euler-Poincare´ equations [14] as augmented
by the baroclinic effect. When specialized as v = u, (12), supplemented by π = −(w + Φ) + u2/2, reduces to the
Euler equations (7). We introduce a solenoidal vector ﬁeld B(x, t) frozen into the ﬂuid, whose ﬁeld line lies on a
surface of constant entropy. The auxiliary conditions read
∇ ·B = 0, (B · ∇)s = 0. (13)
The time evolution obeys the same equations, without the baroclinic effect, for the vorticity
∂B
∂t
= ∇× (u×B) . (14)
It is conﬁrmed with ease that the conditions (13) are maintained in time under the evolution of s and B governed
by (8) and (14). In the next section, we shall show, using Noether’s theorem, that the topological invariant for a
non-isentropic Euler ﬂow necessarily takes the form of the cross-helicity
Hc[ω,B] =
∫
D
v ·BdV. (15)
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For an isentropic ﬂow, (9) and (12) are reduced to equations for a barotropic ﬂuid, and so is the cross-helicity (15).
Following the construction by Kurgansky and Tatarskaya [12, 10], we are led to, as an example for the B ﬁeld
B = ∇× (f(s, q)∇s) = ∂f
∂q
∇q ×∇s, (16)
where f is an arbitrary function of s and q. Meeting the constraints (13) is an immediate consequence of this deﬁnition.
Substituting (16) into (15) and performing the partial integration, we are left with
Hc = −
∫
∂D
f∇s · (v × n)dA+
∫
D
qf(s, q)ρdV. (17)
In case the boundary integral is ignored, which is the case with the free space, (17) agrees with (5), with identiﬁcation
qf(s, q) = F (s, q).
We note in passing that even for a non-isentropic ﬂow, by increasing a variable of Lagrangian property, there is
a vector ﬁeld exactly frozen into the ﬂuid, and therefore the corresponding helicity is constructed [16]. Introduce a
scalar ﬁeld τ(x, t) whose Lagrangian derivative is the temperature:
Dτ
Dt
= T. (18)
With this use, the Euler-Poincare´ equations are rewritten into
∂
∂t
(v + τ∇s)− u× [∇× (v + τ∇s)] = ∇ [π − (v + τ∇s) · u] . (19)
This form implies that a generalized vorticity ωˆ = ∇× (v + τ∇s) is frozen into the ﬂuid:
∂ωˆ
∂t
= ∇× (u× ωˆ) . (20)
An immediate consequence of (20) is the existence of a topological invariant, incorporating the baroclinic effect,
Hb[ωˆ] =
∫
D
ωˆ · (v + τ∇s)dV =
∫
D
v · (ω + 2∇τ ×∇s)dV, (21)
as discovered by Mobbs [16]. The tendency that topological invariants take the form of the helicity was pointed out,
from analyses through the Clebsch transformation [9] and in the Euler-Poincare´ framework [5].
3. Hamilton’s principle of least action for Euler-Poincare´ equations
In general, laws ruling natural phenomena are derived from variational principles as exempliﬁed by Hamilton’s
principle of least action. Behind every conservation law lies a symmetry group that leaves the action invariant.
Corresponding to a topological invariant is the particle relabeling symmetry group [13, 20, 5].
The conﬁguration space of a ﬂuid is the positions of all of the ﬂuid particles, and they are completely speciﬁed by
the ﬂuid-ﬂow map ϕt ∈ Diﬀ(D), an element of the diffeomorphism group of D. Its Lie algebra is the velocity ﬁeld
u( , t) =
∂
∂t
ϕt ◦ϕ−1t . (22)
For handling the particle relabeling symmetry group, it is expedient to alternatively use the inverse map ϕ−1t (x) =
lt(x) = l(x, t), called the Lagrangian label functions, as it links the current position x of a ﬂuid particle to its initial
position X . Holm [11] devised Hamilton’s principle of least action for the Euler-Poincare´ equations with respect to
lt (see also ref [7]). In the sequel, we slightly generalize it to (12) accommodating the baroclinic effect.
We start with the action
S
[
lt] =
∫ t1
t0
dt
∫
D
L[u, ρ, s,x] dV. (23)
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It is to be kept in view that the dependence on x of L enters only through that of the potential Φ of the body force. To
regain the Euler equations (7) at the ﬁnal stage, we have only to substitute the well known form
L[u, ρ, s,x] = ρ
(
u2
2
− e(ρ, s)− Φ(x).
)
. (24)
For the purpose of highlighting the topological aspect, we leave unspeciﬁed the functional form of the Lagrangian
density L[u, ρ, s,x].
The derivation of (12) requires elaboration of the relation of the velocity ﬁeld uwith the Lagrangian label functions
l. Partial differentiation of the deﬁnition l (ϕ(X, t), t) = X with respect to t yields
∂lA
∂t
+
∂lA
∂xj
∂ϕj
∂t
= 0. (25)
The capital letter A (A = 1, 2, 3) is used to index the Lagrangian label. Denote the Jacobian matrix ∂(l)/∂(x) by Dˆ
whose Ai-th entry is
(
Dˆ
)
Ai
=
∂lA(x, t)
∂xi
. (26)
By use of (26), (25) is solved for ui as
ui = −
(
Dˆ−1
)
iA
∂lA
∂t
. (27)
We can show, after some manipulation, that, when the label is varied as lA → lA + δlA, ui is varied by
δui = −
(
Dˆ−1
)
iA
(
∂
∂t
+ uj
∂
∂xj
)
δlA. (28)
We put D = det Dˆ. The variation of the mass-conservation law and the adiabatic relation
ρ(x, t) = ρ(l, 0)D, s(x, t) = s(l, 0) (29)
produces
δρ =
∂
∂xi
[
ρ
(
Dˆ−1
)
iA
δlA
]
, δs =
(
Dˆ−1
)
jA
∂s
∂xj
δlA. (30)
With this form, the variation of the action S[lt] associated with variation l
δS =
∫ t1
t0
dt
∫
D
(
∂L
∂ui
δui +
∂L
∂ρ
δρ+
∂L
∂s
δs
)
dV (31)
is effected as
δS = −
∫ t1
t0
dt
∫
D
dV
{
∂
∂t
[
ρ
(
Dˆ−1
)
iA
δlA
1
ρ
∂L
∂ui
]
+
∂
∂xj
[
ρ
(
Dˆ−1
)
iA
δlA
(
1
ρ
∂L
∂ui
uj − ∂L
∂ρ
δij
)]}
+
∫ t1
t0
dt
∫
D
dV
{
ρ
(
Dˆ−1
)
iA
δlA
[
D
Dt
(
1
ρ
∂L
∂ui
)
+
1
ρ
∂L
∂uk
∂uk
∂xi
− ∂
∂xi
(
∂L
∂ρ
)
+
1
ρ
∂L
∂s
∂s
∂xi
]}
. (32)
Imposition of the boundary conditions
δl(x, t0) = δl(x, t1) = 0 for x ∈ D,
δl(x, t) · n = 0 at l(x, t) ∈ ∂D for all t ∈ (t0, t1), (33)
eliminates the boundary integrals, and requirement of δS = 0 for arbitrary δl brings in
D
Dt
(
1
ρ
∂L
∂ui
)
+
1
ρ
∂L
∂uk
∂uk
∂xi
− ∂
∂xi
(
∂L
∂ρ
)
+
1
ρ
∂L
∂s
∂s
∂xi
= 0. (34)
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With an identiﬁcation of
vi =
1
ρ
∂L
∂ui
, π =
∂L
∂ρ
, T = −1
ρ
∂L
∂s
, (35)
(34) retrieves the Euler-Poincare´ equations (12).
With a view to handling the particle relabeling symmetry, we rewrite the variational principle in terms of the
functions of the Lagrangian variables X . We regard the variation as functions of X and t: δl = δl(X, t). Then, (28)
and (30) give way to
δui = − ∂xi
∂XA
∂
∂t
δlA, δρ =
ρ
ρ0
∂
∂XA
(ρ0δlA) , δs =
∂s
∂XA
δlA, (36)
where use has been made of
(
Dˆ−1
)
iA
= ∂xi/∂XA and the shorthand notation ρ0 = ρ0(X, 0). A simpliﬁcation in
representation is attained by introducing the projection of v to the direction of the XA-axis
VA =
∂xi
∂XA
vi. (37)
Inserting (36) into (31), we reach
δS =
∫ t1
t0
dt
∫
D
dVX
{
− ∂
∂t
(VAρ0 δlA) +
∂
∂XA
(πρ0 δlA) + ρ0 δlA
(
∂VA
∂t
− ∂π
∂XA
− T ∂s
∂XA
)}
. (38)
The requirement of the variational principle, δS = 0 for arbitrary variations δlA, subject to the initial and boundary
conditions
δl = 0 at t = t0 and t1 for X ∈ D,
δl · nX = 0 at X ∈ ∂D for all t ∈ (t0, t1), (39)
gives rise to the Euler-Poincare´ equations, expressed in terms of the material coordinates,
∂VA
∂t
− ∂π
∂XA
− T ∂s
∂XA
= 0. (40)
4. Noether’s theorem for particle relabeling symmetry
We shall show in the variational framework for the Euler-Poincare´ equations that Noether’s theorem gives birth
solely to the cross helicity (15) as the integral invariant in conjunction with the particle relabeling symmetry group.
This result leads us to a belief that topological invariants of ideal non-isentropic Euler ﬂows be represented, with no
exception, in the form of the cross-helicity.
Consider the time-independent change of particle labels X → X ′ = η(X), for given current positions x at time
t, complying with the mass conservation and the adiabatic motion:
ρ(X ′, 0)
∂(X ′, Y ′, Z ′)
∂(x, y, z)
= ρ(X, 0)
∂(X,Y, Z)
∂(x, y, z)
= ρ(x, t),
s(X ′, 0) = s(X, 0) = s(x, t). (41)
The velocity ﬁeld u(x, t) deﬁned by (22) is unaffected under the relabeling X ′ = η(X) as directly shown by
u( , t) =
∂ϕt
∂t
◦ϕ−1t =
∂ϕt ◦ η
∂t
◦ (ϕt ◦ η)−1 , (42)
for both x(t) = ϕt(X ′) = ϕt ◦ η(X). The constraints (41), along with (42), guarantee that the particle relabeling
symmetry indeed constitutes a variational symmetry group for the action (23). In terms of the generator δl for an
inﬁnitesimal change of a particle label X → X + δl, (41) reads, with use of the notation s0 = s0(X, 0),
∂
∂X
· (ρ0δl) = 0, (δl · ∇)s0 = 0, (43)
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Calculation of the associated change δS has been, in effect, completed, leaving (38). Noether’s theorem focuses on
local form of the divergence terms in the integrand of δS. Suppose at the outset that VA and s, along with the scalar
ﬁeld π, satisfy the Euler-Poincare´ equations (40). Then the variational symmetry δS = 0 enforces
∂
∂t
(VAρ0 δlA)− ∂
∂XA
(πρ0 δlA) = 0, (44)
from which we obtain the desired conservation law
d
dt
∫
D
VAρ0 δlAdVX = 0, (45)
with the help of the boundary condition for the generator δl,
δl · n = 0 on ∂D for all t ∈ (t0, t1). (46)
We write ρ0δl subject to the constraints (43) as
B0 = ρ0 δl;
∂
∂X
·B0 = 0,
(
B0 · ∂
∂X
)
s0 = 0. (47)
To be consistent with the boundary condition (46), the boundary ∂D must coincide with a surface of constant s0.
We further postulate that the temporal evolution of the B ﬁeld be prescribed by (14), like the magnetic ﬁeld, so that
it evolves in time as Bi = B0A∂xi/∂XA. The only difference from the case of MHD is the additional constraint
given by the last equation of (47) which is maintained in time as (B · ∇)s = 0. With this prescription, the conserved
quantity in (45) becomes∫
D
VAB0Ad
3V =
∫
D
vi
∂xi
∂XA
B0Aρ0dV =
∫
D
v ·BdV. (48)
In this way, the cross helicity (15) is reached through Noether’s theorem. Notably, in the present variational frame-
work, this is the only possible Noether’s charge corresponding to the particle relabeling symmetry group.
5. Formal stability analysis of three-dimensional ideal gas ﬂow
In this section, we derive a new linear stability criterion for an ideal gas with general ﬂow conﬁguration based on a
reﬁned formal stability (FS) analysis in the energy-Casimir convexity (ECC) method. We shall show how a multiple
exploitation of the Casimir invariants will overcome the difﬁculty met in 1980s [6]. This paper does not have space to
accommodate the lengthy calculations, and below we give the essence of our treatment. The detail is referred to [18].
Here we include the effect of rotation, with angular velocityΩ, of the reference frame in the β plane approximation,
in order to apply our method to important problems in geophysical ﬂuid dynamics. Accordingly, the Euler equations
(7) for an ideal gas is replaced by
∂u
∂t
+∇B + ω∗ × u = T∇s; ω∗ = ∇× u+ 2Ωez, (49)
where ω∗ is the absolute vorticity including the Earth rotation, ez is the unit vector in the vertical direction, and, by
use of w = CPT for the ideal gas,
B = CPT + u · u/2 + gz. (50)
Accordingly, we redeﬁne Ertel’s potential vorticity (3) by
q = (ω∗ · ∇)s/ρ. (51)
ECC method is basically a Lyapunov method for ideal ﬂuid ﬂows with non-canonical Hamiltonian structure in which
the total energy and Casimir invariant act as energy barriers inhibiting cross trajectories of iso Energy-Casimir hyper-
surfaces. In the system under consideration, those two invariants are deﬁned respectively as
E = 〈ρ
2
u · u+ ρe(ρ, s) + ρgz〉, CE = 〈ρF (s, q)〉. (52)
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where F (s, q) is an arbitrary function of its arguments, and the symbol 〈·〉 denotes the volume integral over the entire
domain.
We emphasize that q is not an independent variational variable whose corresponding increment Δq, up to the
second order, to be used for the expansion of F (s, q) assumes the form Δq = δqˆ − δqˆδρ/ρ + δω · ∇δs/ρ where
ρδqˆ = ω∗ · ∇δs+∇s · δω− qδρ is the ﬁrst-order variation. The ﬁrst variation of (52) is then expressed in terms only
of variations of the independent variable as
δ(E + CE) = 〈(F − qFq +B)δρ+ (ρu−∇s×∇Fq)·δu
+(ρT + ρFs − ω∗ · ∇Fq)δs〉+ 〈∇·[Fq(ω∗δs+ δu×∇s)]〉. (53)
A steady state is characterized as the conditional extremum of the kinetic energy E on an isovortical sheet speciﬁed
by the value of CE , δ(E +CE) = 0 [3, 6, 19], and thereby the arbitrariness of F (s, q) in (52) is eliminated. Indeed it
sufﬁces to choose
F − qFq +B = 0, (54)
to cancel all the terms in (53), except for the last divergence term. This term can be expelled by the boundary condition
that the boundary D is a surface of constant entropy s, with no ﬂuctuation (δs = 0) on it, or by an introduction of
another Casimir invariant c〈ρq〉, with c some constant. To keep the problem setting general, we impose the following
assumptions
q = 0, Fqq = Bq
q
= 0, ∇s×∇q = 0. (55)
The second-order variation is then calculated to be
δ2(E + CE) = 〈ρ
2
δu · δu+ u · δuδρ+ cs
2
2ρ
(δρ)2 +
(
CPT
CV
+ Fs − qFqs
)
δρδs
+
1
2
(
ρT
CV
+ ρFss − ω∗ · ∇Fqs
)
(δs)2 + Fqq
[ρ
2
δqˆ2 − δs∇q · δω
]
+∇·[Fqδsδω + 1
2
Fqsω
∗(δs)2]〉. (56)
Among others, the term 〈−Fqqδs∇q · δω〉 has been notorious as an obstacle. The last divergence term vanishes by
imposing consistently the condition that δs = 0 on boundary ∂D. To cope with this obstacle, we ﬁrst make a further
restriction of perturbations to an iso-Casimir hypersurface of the Casimir C1 + C2 deﬁned by C1 = 〈ρK(q)〉 and
C2 = 〈ρq2s/2〉, with K(q) being an arbitrary function of q. Second, we introduce a vector ﬁeld A satisfying
∇ ·A = ρ
2
(δqˆ)2 − δs∇q · δω. (57)
These two steps are vital to advance the estimation of variations of the energy and the Casimir.
By fully exploiting the possible degrees of freedom owned by A, we achieve a substantial simpliﬁcation and
eventually arrive at the following estimate for the second variation of the kinetic energy augmented by the Casimir
CE :
δ2(E + CE)|A = 〈ρ
2
δu · δu+ u · δuδρ+ cs
2
2ρ
(δρ)2 +N1δρδs+
ρ
2
N2L(δs)
2〉, (58)
where N1 = CPT/CV −Bs+ qBqs/2 and N2 = T/CV −Bss. If a given equilibrium point O is not an isolated one,
then there exists a variation for which the right-hand side of (58) vanishes, which in turn means, as a contraposition of
it, that O cannot be a saddle point if the above quadratic form is positive deﬁnite. Using the inequality ρδu · δu/2 +
u · δuδρ ≥ ρ(δν)2/(2V 2) + δνδρ where V 2 = u · u and δν = u · δu, we deduce the following conditions for
ensuring positive deﬁniteness of (58)
c2s − V 2 > 0;
(
c2s − V 2
)( T
CV
−Bss
)
−
(
CPT
CV
−Bs + q
2
Bqs
)2
> 0. (59)
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This criterion, supplemented by the assumptions (55), is by far sharper than the previously obtained ones, and consti-
tutes the main result of our FS analysis.
To have an idea of this criterion, we specialize (59) to a ﬂow U(y, z) with zonal symmetry. In the s-q coordinate
system, the steady momentum equations derived from (49) are written as
T = Bs − UU∗s , Bq = UU∗q , (60)
where U∗ = U(y, z)− ∫
y0
f(y)dy with f(y) being the latitude dependent Coriolis parameter. By invoking (60), the
second inequality of (59) is reducible to
(1−M2)
[(
gz +
U2
2
)
s
− CPUsU∗s − CPUU∗ss
]
− qUsU∗q −
U2
CP
+U(U∗s − qU∗qs +M2U∗s )−
CP
c2s
(q
2
(UU∗q )s − UU∗s
)2
> 0, (61)
where M = U/cs denotes the Mach number. If M as well as the pseudo Mach Number Mp = |CP qUsU∗q |/c2s are
much smaller than 1, then it can be shown that, in the language of the potential temperature θ and q∗ coordinates
deﬁned via ds = CPd ln θ and dq∗ = d ln q, (61) further simpliﬁes to[
1
θ
(
gz +
U2
2
)
θ
− UθU∗θ −
1
θ
UθU
∗
q∗
]
− U(U∗θθ +
1
θ
U∗θq∗)−
U2
θ2
> 0. (62)
The quantity in the square bracket, except for UUθ/θ, may be interpreted as being an extended Richardson-number
type criterion in the sense that it includes shear terms evaluated along a couple of independent directions, while the
second one is so-called curvature term and the last one as well as the above-mentioned novel term in the square bracket
seem to be new components in our compressible system. In order to see the meaning of the curvature term−UU∗θθ, let
us make the following simple assumptions; (1) the ﬂow is stably stratiﬁed, implying that we can use θ as the vertical
coordinate, (2) U > 0 and (3) the effect of the Earth rotation is small, namely, we may take −UU∗θθ ≈ −UUθθ.
Under these assumptions, if Uθθ > 0, then the vertical shear Uθ increases monotonously with height, which means
that the zero point of Uθ corresponds to the position of the minimum value of U , namely, U and |Uθ| are positively
correlated. So the ﬂow would become unstable in certain domains where the magnitudes of shear as well as U are
sufﬁciently large. On the other hand, if we have Uθθ < 0, then the height where U attains the maximum value is the
zero point of its shear and U and |Uθ| becomes inversely proportional. Since U has a lower bound by assumption,
this proﬁle seems to be much less favorable to shear instability than the case of Uθθ > 0. As regards the remaining
two terms of UUθ/θ and−U2/θ2, they are thought to be related with thermodynamic properties of the ﬂuid reﬂecting
kinetic theory of molecules. Since the absolute temperature is the ensemble mean of molecular kinetic energy, for
simplicity, here we consider an iso-thermal state. From the deﬁnition of the potential temperature θ ≡ T (p0/p)κ
where κ ≡ R/CP with R being the gas constant, we see that θ and p are negatively correlated. On the other hand,
U2/2 is essentially equivalent to the concept of dynamic (or impact) pressure in aerodynamics. The former stability
condition UUθ/θ > 0 says that the ﬂuid motion is stable when the gradient of the impact pressure counteracts that of
static pressure p and, plainly, the last term U2/θ2 is the source for the destabilizing effect, consistently with the ﬁrst
condition of (59).
For the three-dimensional case, we have just reached a starting point to explore baroclinic stability and instability
based on the EEC method [18]. There remain a lot yet to be manipulated from (59) and its further generalizations.
These are left for a future investigation.
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